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1. INTRODUCTION

Advanced design of aerodynamic and hydrodynamic vehicles often

depends critically upon an understanding of transition serisi—

tivity to many phenomena. Nosetips on ballistic reentry

vehicles , for exam~ ie , must be designed to withstand transi-

tion destabilizing effects of surface roughness , ablation ,

surfa ce coo ling ( in the presence of rou gh n e s s) ,  and entropy
gradient. As a second example , current advanced hydrodynamic

vehicle design procedures make advantageous use of the strong

stabilizing effects of favorable pressure gradient and sur—

face heating to generate laminar—flow vehicles . Linear sta-

bility theory is the most popular theoretical tool for guiding

design of many vehicles for which transition location influ-

ences the design configuration . While linear stability theory

has proven irrelevant for reentry vehicle nosetips (because of

the occurrence of roughness—induced transition bypass), a

great deal of success with stability theory has been enjoyed

for hydrodynamic vehicles , most notably by Wazzan and Smith.1

For transition triggered by small amplitude disturbances ,

linear stability theory provides a nearly exact solution to

the Navier—Stokes equations . There is little doubt that sta-

bility theory ’s Tollmien—Schlichting waves exist and play an

important role In the initial stages of transition . Because

the end state of the transition process is a (highly nonlinear)

turbulent flow , linear stability theory breaks down at some

point between that of the initiation of Tollmien—SchlIchting

waves and the transition point (defined , for example, as the
point where skin friction achieves a minimum). In other

words , linear stability theory is inapplicable in the post—

critical stages of transition and therefore has no natural way

of specifying the actual transition point .

I
1
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Undaunted by this limitation on stability theory ’s applicabil-

ity, Smith2 and van Ingen3 simultaneously (with no knowledge

of the other ’s activities) devised the well—known e9 method .
As Is so often the case with clever approximations , the e9

method has yielded accurate predictions for flows well beyond

the original data base. Howev er, the recor d of success has
been blemished somewhat by Inaccurate predictions including,

surprisingly , applications such as transition sensitivity to

freestream turbulence with varying spectral content .

Presumably, either a nonlinear stability theory or an exact
Navier—Stokes solution method Is needed to rigorously bridge

the gap between the initiation of Tollmien—Schlichting waves

and the transition point. Because neither of these two
approaches has been developed to the point of being practic—

ab le for engineering des ign, the designer must depend upon
existing correlations and/or approximate methods such as the

e9 method .

Recen tly , a new approximate transition—prediction method has
been devised which shows great promise for engineering design ,
viz, the turbulence—model transition—prediction method .~~

6

The method Is based on the conventional long—time averaged

equations of motion. Nonlinear correlation terms such as the

Reynolds stres s are approximated in a manner similar to that
used in standard closure schemes for turbulent flow modeling.

As will be explained In greater detail in Section 2, turbu—

lence—model equations on the one hand are expected to apply

in the latter stages of transition . On the other nand , the
time—averaging process removes explicit appearance of Tollmien—

Schlichting waves . Consequently , the turbulence—model transi-

tion—prediction method is reasonly well founded only near the
end of transition.

2
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As with the llnear—stability/e 9 method , turbulence—model

~ iuat1ons have provided accurate transition predictions well

beyond the original data base. In fact , the equations formu—

lated by Wilcox arid Chambers7~
9 have yielded accurate results

for virtually all of’ the applications made to date. However ,

some of t h i s  success  has been achieved with an adjustable
parameter , viz , the freestream turbulence level. Additionally,

the  method has no na tu ra l  way of r ep resen t ing  spec t ra l  e f f e c t s .

In summary , because correlations generally are limited to a
r t s t ric t e d  da ta  base , l i n e a r — s t a b i l i t y/ e 9 and t u r b u l e n c e — m o d e l
m e t h o ds  are t h e  only two comprehen sIve  t r a n s i t i o n  t h e o r i e s

which are of practical utility for the aerodynamic/hydrodynamic

v e h ic l e  de s igne r .  The former is theoretically sound only dur—

Ing the i n i t i a l  s tages of t r a n s I t i o n  while the latter is well

:.~unded only near the end of transition . Hence we reasonably

may speculate that a synthesis of these two methods will yield

a ~ran~ 1tion—pred 1ction theory which Is fundamentally more

sound than e i t h e r  theory  s t a n d i n g  alone .

The H m~i ry  objective of this project has been to synthesize
] . r—s t ’d~1l~ ty theory and the turbulence—model transition—

~r H~~ L ’n method . In ~o doing, the most ImmedIate result

o~’ t h e  ~ropo~~ed r e sea rch , if successful , would be development

of ~i ph~~s i ’ a l 1 y  sound a l t e r n a t i v e  to the empirIcal Smith—van
e~ ç’roccJur’e. Aside from the advantage of having a more

.Li ~~ ntal method for simulating the post—critical stages

o~ tran sit ion , the proposed synthesis would obviate the costly

e
~~

cn- ’
~
lut1ons needed to compute amplification ratios b eyon~t

he cr iti cal Reynolds number . Rather , a straightforward

boundary—layer marching computation would he all that is need—

e~i In solving the turbulence/transition model equations fr c m
t h e  critical Reynolds number up to the transition E ey n c l d ~
numb er.
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As will be shown in the following sections , an important
first step has been taken toward accomplishing the proposed

synthesis. Results for the Blasius boundary layer show that

the most Important (In the context of transitional boundary

layers) closure coefficient appearing in the turbulence—model

equations approaches a universal limiting value for ampliflca—

tion ratios in excess of’ about e’.
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2. ANALYSIS

This  sec t ion  f I rst  r e v i e w s  the  t u r b u l e n c e — m o d e l  equa t ions

w h i c h  f’ orm the  basIs  of t h e  st udy . Then , t h e  key c l o s u r e

c o e f f i c i e n t  c o n t r o l l i n g  t r ans t l o n — p r e d i c t i o n  a c c u r a c y ,  A ,
is cast. in terms of linear—stability variables. Finally,

the c o e f f i c i e n t  A is computed for the Blasius boundary layer

over the entire stability spectrum and is found to approach

a universal limiting form for amplification ratios in excess

- 
o f e~ .

2.1 REVIEW OF THE TURBULENCE—MODEL EQUATIONS

2.1.1 The Model Equations

For arbitrary incompressible flows , the model equations
10,11are

• Mass C on s e r v a t i o n
• 3u.
• = 0  ( 1)

Momentum Conserva t ion

pu —k = - + 2
~ ~XI

Energy Conse rva t ion

a- pu ~~
-
~~

--- = u ~~
-
~~

--- - )
.1 ~Xj i ax 1 ax1

I
I
I 5
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I’u r h u  I~~n t  M i x i n g  }~nergy

PU
j  

= [
~ 

/~S~ —

j (14)

+ ( p  + o *p c )

T u r b u l e n t  Dissipa t ion  Rate

PU j  = {ct P/~i~J — + 2o(~-~.-_) ]w~ c~iw
2

(5)
+ f__ [ (~ + ape)X

j Xj

where X
j 

Is position vector. Time—averaged (mean) velocity

is denoted  by uj while h , p, p and p are mean enthalpy ,

pressure , density and molecular viscosity; Tjj and q1
arc the shear stress tensor and heat— flux vector . The

q u a n t i t y  = 1/2 (au 1/ax~ + au~/ax 1) is the mean strain—

r~rte tensor. The turbulent mix ing energy , e, and the turbu—

Icnl. dissipation ra te , w , are needed to define the eddy
d i f ’ l’u s i v it y ,  r , which is given by the following equation :

= e/ w ( 6 )

In c t ’ l c r  t o  close this system of equations , the stress ten—

~~~~ a n t  h ea t .  f lu x  vectors musts be specified . In the Wi lcox—

l’rac I t rirhu! ~‘iiee model the st,i’e:;s tensor is assumed to have

I t~s p r i n c ip a l  ax es a l l  I gn~’d w i t h  t h o s e  of the mean strain—
rat o t. ens r so that. we wr it (‘

= :~(p  + pc) 
~~j 

— ~ p° 
~~~j  

___a
_
~~
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Also , appealing to the classical analogy between heat and
momentum transfer , we write the heat flux vector as

— / 1 1  
+ 

p e \~~h 8— 
~~~~~~~~

whre PrL and PrT are laminar and turbulent Prandtl numbers .
The quantity L is the turbulent length scale def ined as

~~~~
e½iw (9)

The tur bulen t Prandtl  number , Pr~ , and the closure coef fic ients
a , , 13 , * ,a ,cJ * appearing in Equations (24 ) and (5) are

20 100

cr * =  ÷
8PrT — -~~

— (10)

a = 411 - (1-A) exp (_Re T/2)]

= ~~[l — (1—A) exp (_2Re T
) ]

where ReT is the turbulent Reynolds number defined by

ReT = pe~~/p (11)

As will be discussed in the next subsection , transition pre—

dictions are most sensitive to the closure coeffic~.ent A

appearing in the last two of Equations (10). Detailed study

of the viscous sublayer of a turbulent boundary layer7’1° indi-

cates that accurate sublayer properties can be simulated

with (see Figure 1)

(12)

I
I

7
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Figure  1. Comparison of computed and measured sub—
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Using Equations (1) through (12) (In some cases , similar

v~ rs1ons of these equat ions), a wide range of compressible

and in c om p r e s s i bl e  t u r b u l e n t_ f low s  have been computed ,

- 
Including complicating effects such as boundary—layer separa—

t t~~~,
l3 , l 14 streaml ine curvature ,15 surface roughness10 and

mass i n j e c ti o n . 10 W i t h  no additional mod I fications , t h e  model

accurately simulates many aspects of Incompressible flat—plate

boundary  layer  (FPBL ) t r a nsit io nJ ° ’11 Hence ,  at least  for
t h e  r e l a ti v e l y  s imple  FPBL, this model for fully developed

t u r b u l e n t  f lows  provides an accura te  desc r ip t ion  of mean f l o w
properties during t r a n s i t i o n .  And this , despite the fact that

the  long—t ime  averaging process leading to  Equat ions  ( 1 )
t h rough ( 5)  masks  t he  presence of any wave—l ike  in s t a b i l i t y !

J i~~ l ’oro p roceed ing  to f u r t h e r  d i s c u ss i o n  of why t h e  model does
as w e l l  as It does and ot ’ the value of A for more c omp l t e n t e d
flows , It is instructive to present the physical definition s

of t h e  turbulence parameters e and ~ and appropriate su r f ac e

1 b o u n d a r y  condition s for each.

I As argued by Wilcox and CIraInbers ,?~
15 the turbulent mixing

vn orgy  Is proportional to the kinetic energy  attending t he

I f l u c t u a t  Ion of fluid particle s noi’ma l to the p l a n e  of shear.

‘I t tn g  v ’ denote the fluctuat ing v e l oc i t y  component norma l

I to th e  shear plane (under the boundar y—l ayer approximation s ,

shea r  planes are parallel to the x—s p l an e~~, the turbulent

I mix ing energy is given by

I C = (1~~)

I The phy  I ~‘a I me ;n t  I ng of w has al se been d Is cussed  by W I  1 c ox  a no

(‘h amb t~rs . ‘ I t i coni p  ress lb  le b ou n d a r y  l a yer s , cot ripa r i  son

I o f ’ h 1 1 m it . ing  forms of’ the model equa l  tons and the  e x a c t
I~t ’vn o l ~Is ;‘ ross o q u a t  ion very c lo s e  to  a so l id  b o u n d a r y

I
I
1 0
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shows that w Is the rate at which e is dissipated into heat ,
mean kinetic energy and other fluctuation modes; a suit-
able definition of w is

— 3v < (~ v ’/~y)2>(4) - ____________

( 124 )

Using the  def in i t ions  given in Equat ions  (13) and ( 12 4 ) ,
boundary conditions appropriate for smooth and rough surfaces

have been devised by Wilcox and Chambers7 and by Wilcox and

Traci.~~
0 Le t t ing  k denote (peak—to—valley) roughness height ,

detailed s tud y of the viscous sublayer shows that ( in  the
limit of small roughnesses): • 1

e = 0 at y = 0 (15)

~~-~~ - —~~~ , smooth surfaces
-

~ 

as y -
~ 0 (16)

24320 .—~~~ , rough surfaces

2 . 1.2  Fundamental  Considerat ions

The only f e a t u r e  of t r a n s i t i o n al  boundary layers wh ich  has

been e x p l i c i t l y  in t roduced into the  model Is the fo l lowing .
Concurrent with our analysis of the viscous sublayer , the

va lue  of A has been es tab l i shed  by demanding tha t  the l inea r—
s ab i l i t y  m i n i m u m — c r i t i c a l  Reynolds  number , Re , for theX c
i3las ius  boundary layer match the corresponding mode l—equa t ion
n e u t r a l — s t a b i l i t y  Reynolds  number , Re~~. The l a t t e r  is de f ined
a~ the  Reynolds  number based on the p la te  length beyond w h i c h
t u r b u l e n t  energy p roduc t ion , a* (~ u/~yIp e , exceeds turbulent

ener gy d iss i p a t i o n , ~*p u e .  Using the Blasius  p r o f i l e  and
noting that w~~ 20v/~ y 2 [see Equat ion  ( 16 ) ] ,  the neu tra l

stability Reynolds number Is

L~~~~~. — 
_ .

-
-_~~~~~~~~ a-- .”- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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1
Re~ (17)

I Dema n d ing  t h a t  Re~ = Re~ yields the value of A given in

I I: ( lua t i on  ( 1 2 ) .  
C

The model equat ions  reasonably can be expected  to apply to
transitional flows which are Insensitive to spectral effects.

That Is , the various constants in the model equations are

essentially correlation coefficients which have been inte—

grated over the t u r b u l e n t  spec t rum.  Hence , if the s t a b i l i t y
diagram shows that  a wide range of wave numbers , & , undergo

- am p l i f i c a t i o n , the spectrum will more closely resemble a

f u l l y— t u r b u l e n t  spect rum than If only a small range of wave
numbers  are unstable. For example , the  s t a b i l i t y  diagram for

• a b oundary  layer  s u b j e c t e d  t.o a pressure gradient  is shown in
- Figure 2. For adverse pressure gradient , a finite range of
4 wave numbers are uns tab le  at a l l  Reynolds  numbers  in excess

of Re
~ 

(note that ~~‘ Is displacement thickness). On the

b a s i s  of the  d i scuss ion  above , the  model would be expec ted
to accurately predict the destabIlizing effect of adverse

p re s su r e  gradient. In contrast , the stability diagram becomes

I h i n n e r  w i t h  increas ing  favorab le  pressure g rad ien t  se t h a t
spe ctral effects become Increasingly important , particularly

for small freestream turbulence intensity , T’ , which yields
I ransitlon at large values of Re 6~~; the model hence would be

J exp ect cd to fare poorly for transitional boundary layers

~tth favorable gradients (and small freestream disturbances).

I The model behaves just as the above discussion indicates.

K x c e f l e n t -  agreement between theory and experiment is obtained

I 
r 0~ adverse gradients while , for low freesircam t urbulence

j u t  e n s i t  l eo , the model falls to predict the strong stabilizin g

‘f ’ t ’c ’ c t  c f  favorable  g rad ien t s .

I

I 11
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To remove this deficiency, Wilcox 11 has extended the re—
quirement

• Re- = Re ( 1 8 )x

to include favorable pressure gradients , suction and surface

heating effects. For small freestream turbulence intensity,

Equation (12) is replaced by

A = ( ) 5/2 

f( A )  ( 19)

where A is given by

P 2 / 2e O  i~~~u /• A — — i-— ~~
—

~~~~~~~---~~
- ~20

w e \ Y w

and the quantity 0 is momentum thickness. The function f(A)
• has been determined by invoking Equa t ion  ( 18).  Figure 3

pre sents results based on linear—stability predictions for

t h e  P oh l h au . ;en profiles and for the asymptotic suction pro—
• a good fit to the data indicates the variation of

the 1urv’~ inn [‘(A) with A Is hence

f(A) + ~-~ exp [—1~0A H ( A ) ]  ( 21 )

where H (A) is the Heavisid€ stepfunct Ion.

in essence , Equations (l9)— (21) represent. a correlation of

¶near—stabi lity—pr edict ed minimum—critical Reynolds numbers .

~ have thus  i m p li c I t l y  built in some of the wave—i nstability
ph c t io ~ ena w h i c h  were  lost t h r o u g h  the  long—time  a v er a g i n g

• p r o c e d u r e .  Two key p o i n t s  must  be a m p l i f i e d  regard ing  t h i s
l a s t .  pn~ nt . Firs t , the c o e f f i c i e n t  A is not i n v a r i a n t  for

t ran siti onal flows ; rather , it is sensitive to the spec ’t L u m

of unst able frequencies. Thus , it Is through the p r c ’c  I so

I

’ 
____  

______  
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~~~~~~~~f ( A )  = 
~~~

+
~~~

exp {-240A}

.10
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f ( A )

F igur e ~~. The s ta b i l i t y  f u n c t i o n  f ( A ) .
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value of ’  A that Tol imi en— ~~eh 1 I c ht . l n g  waves 1m p h c it ly appear

I n  the model - Because t h e  on lv t t :i r tel t I o n — s p e c i f i c ’  ti iod I [‘1 ‘ a—

I o t i s  I o t he m o d e l  equat  I oils are [‘ei t h e  eoe f t’ I c l e n t  \
4. [ E q u a l  I o t i s  ( l )  ) — (  2 1 ) ]  , it . I s  h en c e  u n s ur p r i  s I r i g t h a t  u i t  I na t  e 1 y

we h a v e  ch o s en  t o rely up on  l i n e a r — s t a h l  I I t  y t heory I sot 110

v a l u e . c~ocond , and of ’ cent  t c d  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~x~~~ ’am , t h e  c ’e f t  I c l o u t  A a iso c c i t t  i’o is the r a t e  a t  wlil ch h Is—
• t u r b : l t t c c c c  : t l o  a mp l i  [‘1 oh b ey o n d  t h e  cr11 I c a l  point - The model’s

I l i t  v t o  : i c e u i ’a t  e l y  p r e d i c t  a c t  ual  t r a as  i t l O l l  p o i n t  location

tal l c at  os t h a t  o t l c ’e t o  ct1 I Ical no int is c o r r e c t l y e s t a b  i t o l c e d

he mod e l  p t ’o v i  de~ i i i  c i c c u t ’ o t  o s i mu l a t  i o n  of t h e  j ’ o o t  — c r i t  I cal

s : t ” es o t’ t t ’ c i t t o  I t I o~t w i t  h no [‘ii i t  t i e r  a pp e a l  1 o st  at ’ Il l t.y I h eory

- I v on  t h i ris Lghit , t h e  w h o l e  c on c e p t  of using turbulenc e—model

c c  I c ’ c s ~ 1 o dos c i i  i c e  t r a ns i t  Ion can he cas t  in a dl :‘f e n ’ e ut

i i  ~I . bit t he one stud , I m e — a v  crag  I ng cone cci is many Imp o r—

1 t n t  p t i .v s  I ca l  aspect :  s of i ’anoi tion mechanisms , p a r t i c u l a r l y
- h i t ’  I n  t h e  oat ’  ly l i n e a r — a m p  11 f i c at l on  phase  • We a rc ’ I has ob ii—

c d t  oh o put some ct ’ the p hy s I c s  b a c k  i n t o t h e  oluat ions  w h i c h
w ; is I cot I hr  ‘ii gh I l ie  pie — :ive ragi mig  p roces s  e i g o  , I l i e  niod I 1’ 1 —

- c c i t  i ri t o  •\ - bit t i e  ot h e r  h an d , assuming t h e  lot t ot phases of

I t a i l s  I i i  i~ 1 . • c 1 ‘s e 1 o i la t r a t i o  it  Ion  n o I u t  ) t b~~ 
y e i v

i d  , I I I a’— ave a I r ig  t ’ t o o  coo  1’ o cotta o c t  more ph  at i s  ¶ 1’ 1 o

o o t l c c ’tc t Od I he f l o w  If lort - t i e c i  I 1 y t e s e mb  leo  a I u r b u  l en t  [‘I ow

I u t  o res  i n g l y  , t he mod ¶ t  I c a t  I en 1 o A ha s  l i t  le effo~~’ t i  he
-• lat t o !  51  d l O c ’5 0t  I t O i l S  i t  o t t . )  Tue urbu L e t i c e — m o d e l  p an s  i t  i o u —

a t i  I ’  011 app ccci ch I hiu ~ has ii  s o t  l o i l g e s  t f eu n d a t  1 o t t  i n  i he

I a t  i el  s ci coo of i c c  s i t  L o u  • pro c i so ly t h e  logi i i i ’ w h er e  cot —

\r ie t I o u i : t  I i i  t i c a p — s i  oh 1111 v m et hods  are n ot  w e l l  fo in d e d .

‘:‘Lus • t c c n i ’u i o t t c e — m o d e l  e c l i L t t  L n .~ un1~ ;ht mo ot  p r o p e r l y  c’ v i c w h
as a i’l a is ~ b ie  cii  ei t au t ye t o  t he  e ~ m e t h od . That Is , ci 1 c c  11

I ot oh ii I t  y • ‘cnh clt  c i t  I o n  c ccii ii L’c p e r  t c i ’n io d  up  t o , and j ’e t hci  i s

a h~ t b e y o n d , t h e  m inlm um— ct’I t ical Fe,yuio ]do number. R’oa t o

I

Ii



_______ - • -
~~~~~~~~~~~~~

-_ ‘ ‘ -a - -  
~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ •‘~~~~~~~-— ~~-

o[’ t h e  stability computation would define A. Then , rather
than continuing to solve eigenvalue problems to determine
amplification factors up to the e9 amplification point , the
model equat ions could be used to predict transition location .
As noted above , what we are currently doing is using a car—
m e l c i t  ion of linear—stability minimum—critical Reynolds numbers
to fix t h e value of A.

Note that there Is a fundamental premise underlying the notion
tha t  a computa t ion  w i t h  the model equations can replace the
conventional e 9 procedure. The premise is tha t  A must be

constant (o r  at least nearly constant) for varying Reynolds

number and also be either constant or assume a universal
variation through the boundary layer. If A is either constant

or assumes a universal variation through the layer , there is a

r a t i ona l  procedure for se t t ing its value in terms of the  corn—
pu~~e~i eigenfunctions . Likewise , if A is nearly constant with

Reyn olds  number , there  may be a rational procedure for choos-
ing an appropriate “avera ge” value such as , for example , the
value  cit t h e  po in t  where the linear—stability solution has

b een  amplified to e” times its initial value . In other words ,
If linear—stability theory indicates that A either (a) does

~ ot vary su b s t a n t i a l l y  w i t h  Reynolds  number and w i th  d i s t ance
lcx ’cug ic  t he  boundary  layer or ( b )  varies in a un iversal  manner ,

the closure approximation involving A wi l l  be proven for  ve ry
low Reynolds number.

2 . 2  THEORETICAL FOR MULATION

As no ted  above , the overall objective of this research has

l oon to synthes t a e  l i n e a r —st a b i l it y  theory w i t h  the  t u r b u l e n c e —

r i ’ l c l tiauisi tioui—p redicti on method . In the  proposed synthesis ,

s t a b i l i t y  theory is used to locate the cr i t i ca l  Reynolds  number ,

R Then , based on the  s t - a b i l i ty  so lu t ion  at R c (or perhaps
at a slightl y larger Reynolds number), initial c o n d i t i o n s  are
e s ta b l i s h e d  for a turbulence—mode l computation which proceeds

f r - ca t he po i nt at  w h i c h  the s t a bi l i t y  solut ion is v a l id , up t o

~~~~~ _ _ _ _ _ _ _ _ _  
- -



the t ransit Ion point . To obtain a well—posed initi al value

rob 1 ‘ni t~ i t h t urbo I e m i c e — m u i o d t 1 computa t ion , i n i t i a l  c o n —
d i t ic~~i~ a re  m t e de~i for  three quantities , viz , e, ~ and \ .
It  t h I s  su b s e c t i o n , these t h r c~e q u a n tit i e s  are s p e c i f i e d
In terms of linear— stability e l g e n f u n c ti o ns .

Confining analysis to incompressible flows , EquatIons (13)

and (lii ) provide an obvious way of defining e and ~ profiles

in terms of the stability theory eigenfunctions . To deter-

mine the initial value of A we must examine the equation for

. For incompres sible boundary layers , the equation for e

simplifie s to

+ w~~ = ~~~~~~~ — ~*we + 

~-~- [ (v + a *c) g ]  ( 2 2 )

h ere u and w are t h e  mean velocity components in the stream—

wise , x , and lateral , : , directions . Note that in writing

E~ ccation (22) conventional boundary—layer approximations have

been made and , in addition , the flow has been assumed paral-

lel so that v = 0. The closure coefficient o~ assumes a value

of l,’2 while , in the limit of small Reynolds number based on

turbulence intensity and scale [see Equation (10)] , a * simp li—

i’ieo to
= 

~~~~~~ A

We now proceed to derive a re la t ion between the  c losure  coef-
f I c i e n t  A and the  stability solution . Noting the definition at’

~ , we can derIve an exact equation for its evolution by t a k h c g
the v ’ moment of the v—momentum equation . The f o l l o w I ng  e~~ua—
t i o n , subject to the same approximations used in writing

Fil c a t t o n  (22), results for e.

+ w~-~ = — — ~-v (~~j~)
2 

+ — ~L< - .1~~3~] 
(23~

‘s p ay 2 
~
y ~~y -~

ch; ~~:it1s ~ n o t ’ Equations (22) and (23) shows that we h av e  made

t h e  foLlowing two c losure approx imat ions :

I
17



o~ c = — ~~
- <v ’ 3 > (2J4 )

while

I — = — 
~~~ <a—> — ~ ~~~<(~~~~~~~~~ ) >  ( 2 5 )

~ It bi some m a n i p u l a t i o n , t he  c losure  c o e f f i c i e n t- s A and 0 *

ca n be expressed  as fo l lows

* - ~ v<v ’3 > < (av ’/ay )2>
0 — — 

~~~2 
-, (26)

<v ’~~> a<v ’~ >/ay

— 
io 2< 1~- .~~~~~~~ -> — ~ 

(
~~~.~~I

) 

2

— 

~ <v ’2’~I~~u/~ yI 
( 27 )

P - i u a t  ion (27) I s  the desired relation which can be used along

wi th Equations (13) and (l~4) to define initial conditions for a

turbulence—model computation. Potentially, Equation (26) pro-

vides a further check on the validity of the closure approxima-

tions. However , as will be shown below , Equation (26) pre-

dIct s o* = 0 as a consequence of the assumed l i nea r i t y  of the
solution.

In ~he linear—stability solution , the velocity and pressure

fluotciations v ’ and p ’ are written as

v ’(x,y,z,t) = U~~4(y)exp[i (ax + — ~t )J  ( 2 8 )

p ’ (x ,y , :,t )  = pU~~i(y)exp[i(&x + ~z — 
~~~
t )]  ( 29)

18 
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where t denotes time , U~ is freestream velocity, ~ and ~
are wave numbers , ~ is frequency, and the functions ~(y)

and ~ ( y )  are the  complex  ampl i t ude  f u n c t i o n s  of the  d i s t u r b —
an c t  f l o w  vari ab l e s  v ’ and p ’ .

• To eva lua te  the  t ime—averaged  quan t i t i e s  appear ing in Equa t ions
(13), (iLl), (26) and (27) we use the following definition :

t+T

= ~~~~ ~~~~~~~~~~~~~~~~~~~ (30)

An immediate consequence of the assumed linearity of the

solut~~on is that correlations of odd order vanish , e.g.,

* <v ’> = <v ’~~> <v ’5> = . . .  = 0 (31)
V

Thus , as noted above , Equation (26) implies that o* = 0.

Although 0 * is postulated to be 1/2 by Wilcox and Traci , this

discrepancy is of little consequence as the diffusion terms

• in the e equation play an insignificant role in transitional

flows.

Working with the real parts of the linear—stability solution
• functions , performing all time—averages indicated in Equations

(13), (iLl ) and (27), and denoting local Reynolds number by R

yields the following:

e/U~ 
9 (~~2~~~~~ 2 ) (~~2)

I __ 3 
1
~ r

//(1
~
/ + (d~~. / d v ) 2

- 2 2U ’ (
~ +~~~~.

•t

I 1’ 1

I
I 

.



A = - .1. (1 
h f  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (~ Ll )
(
~~. + ~

‘
1 )IaU/a y I

y is 110W (t i meils  b r u ce- s d l e t  once r i - em  tti (’ surface , II = t i / I l .

a nd : ; t i h s e t - i p t : ;  r cni d I d e not e r ea l  c l i i  im a g i n a r y  j cit’ t . I - q i i at  1 o t t ;

— ( ~JI ) ar e  t h -  he: ;  I i’e l r e l at  io n s  w h i c h  c c i i i  t o ’  u n o t t o  i t t - l i ne

I n  I t  in I eond It . ion :; t ’er a t u r b u l  once—mod el (tompilt at . Ion In tt ’r tn s

of  ci t :  y en  I I i i t ’a t ’ —st . nh  1 .1 it V :0) h i t .  ion .

‘VAI l ) AT T ON O h’  TlIl- ‘I.0~ hiHE C0i ’ I”Fi C I EN T A

h a y  i n ~ h’rlvt ’J V 1 i i ; i t  I on s  ( ~~~)~~ ( ~ 4 ) above , t h e  next d . c )  s o ~‘e t ’ —

C ‘rm ci I l i i ’  a c—st oh 11 I t.y - o m p u t a t .  I c i i  and  1 o e x a m  I n c  I l ie i’ ceu  it ci t i t

pi’ot’ I 1 ’ : ; , t c i r t .  I c i i i c i t ’ I y  I he .\ pro I’I ii ’ . The mos t  eons  ¶ h i ’ ’ st art ¶

t I n ’ :~ I e l o g i n  w i t  hi  t l i e  h l a c c  lu s  b o u n d a ry  h s i y v i ’ . A l ate ’ ’ t c i l t a t ’r

of  c i c i t  I I v e “npul at ‘us have been p erfumed w i t  h t I n ’  y c i c  k17

s ’ c i i  1! ‘ 1 v t ’ ’g r c i n i ; al l c’oniputat tent ; have  be en  done  w t t h I he °i c i t

ccci- , I I c ’~ c i t  i n  I hi ’ory op t  ton. P ot - h i  1-icyno 10; n u m b e r  and t’l’ t ’ l c l . ’t ccy

h~~v0 h i t  v c i i ’ I - 1  i i i  i ’ i - d e i ’  i .e  de l  e r m i n e  t h e  v a i ’ I a t  b o i l  o f  \ i h c i ’ c i g : ; —

I ’  H y r i o l d s — i i ; i m l u ’ i ’ / t ’re p i e t i c y  p l an e .

I or ’  I x con In I rug i c c u  I t  5 of’ 1. bit ’ e cmi i i i  c i t  I 01 i t;  , I I - 1 s Ins t t a c t I v

‘ i - c ’ 11 h i : i t  I lie ba:; be prom i so 01 ’ (‘coinIng a syiii hes Is 0!  l I n t -at ’

:1 — i ! I I I t y c i  nd i.ui’hu I once—moW-i met h od s is t hat t We ( ‘Ou t t . I O n I S  i t ’

. cc ~ t I s l ’ t o j  . ‘flit I ’ I i ’ e t  c o n u d  11 ion is t h a t . - t h e  c lo su r e  cet f i I -  I
\ I ’  e I I h~ i i ’e c i t  I ~r e Si y woo k f o t i e  t. I on o 1’ II st nec I h t ’ o t i 1 ’ 1 I he

- n ‘ i i d c i  ‘y I c i v  t ’  u ’ , at I ‘c i  et  , cu ; s u lne ci h u l l  or Vc i r t a t  I en C ‘t’ ci 1 1

1 1 1 1 :0 c i i  h e  i t a ’ l t u ’n e  It’ s; l , hi Is (‘(‘11 (111 i on val i d a l  c’s I l i e  ei . i i i ’ c ’ c i i —

p t ’ ’ N I m c i i  Ion .1 C I nod I n 1-~qwi I Ion (2’.) . I t t  . s - c o  n b  a ’t i ’ I  I i  I ot 1 s
t.hi c it. \ v i i  sl owly w I t  h i Et’ynolds n i i n i h c - r ;  t h i s  .‘ ‘ndii I n  I ; ;  

~~~~ 1—

oh ( c i  1 o v :i I I I c i t  o - i i  i c i  I I eu ( . °‘ c ii i  ft I e - 1  1 m i t  in  I c ’  so c c l  - t

~~~t i ;  I t  I v I t  v I o l i i i  I t a  1 t ’on d I I. I o i l s  . Not, c ci I so 1 - l i n t  we h . o j - 1 o

t’ I nd t b i t ’ : c  v e u ’ c l c ’:’ ’ va I i ’  c i ’ I o 1.. r on  so u i : ih  I y c 1 c:; ; I o I I , ’ poo l  a 1 i ’  —

“ I i l l  : 1 :;  l i i : ;  v c i  Iii. ’, v I: ; , \ = I ‘ I

-~~~~~~ ~~~~~~~~~~~~~~~~~~ — ~~ - —~~~~~- ‘~~~~~~~~-—~~~~~~~~ - -~~~ ‘ —~~~~~~~~~
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F igu re Ll shows comput e d  A p r -c f i le s  at . n in e  1 ’  y no Ide tt~ iii l -
‘ ‘ i ’ ;~ c o t ’ —

r e spon d ing  to  o n e :;t ab le  case  , or e ’  n e u t r a l l y  st ab le  case  , c i t  .1

se v e n  unstable cases corresponding to amp i I Fl c a t  Ion  Cr’ ’:: ho

n eu t r a l  cast ’ by f a c t o r s  of 0
n w ith val ues of !‘:tnglng Ct’:rc. 0

t o  10; I ’or i l l  n i ne cases t h e  t ’r a ’qu e n c y  Is  g i ve n  b y

Fr ’ = ~ v/ U 2 
= $ l 0 ~~ 

( _
~~

‘ ,)

W -  are t bus f o l l o win g  t h e  e v olu t i o n  of for  ft c o n s ta nt  — Cn ’e i

disturbance initiated at a Reynolds number’ u p st r e a m  of t . h i t ’  r o u t  t ’c l t
point: corresponding to the  frequency gIven in Equatlcu (35~~

,

As shown , although A varies rapidly with y near the s u r f a c e , a l l
t i m  c it - yes display approximately t he  same variation. However ,

above a v lau o  of n = y /(T~/ux  of about  2 , t h e  v a r i o u s  A p r o f i l e s

Va cv r a p i d l y  w i t h  r i and  do so in d is si m i l a r  mann -i’ f o r  ampl  I C i  e n —
t i i i  r a t i o s  up t o  e 4 ’  5b~ For example , at t h e  l owes t  R e y n o l ds
n u m b e r ’  ( fo r ’  w h i c h  tb .  so l u t ion is s t a b l e) ,  A Is  n e g a t i v e  above

2.  As we move to  t h e  n e u t r a l  po in t  we f in d  t hat  .\ van i she s

for ’  v a lu e s  of n i n  excess  of’ 2 . 5 .  Then as R e y n o l d s  number  i n —
c t - c - t e e s , A v a r i e s  more and more r a p i d l y  w i t h  ri and a s ym pt o l . es
t o  a s L u g i c  cu rve  for  a m p l i f ic a t i o n  r a t i o s  in exces s  of b e t  w e e t :
o - and e

F ” i C -cu ’ : 5 shows similar curve :;  2or a dim e n s i o n le s s  C r e c u o i i c v  Fr

v ’  - i i  b y

Fr = 3’ l0~~ ( t  ~

Ag o in , t u c  curve s  c o l l a pse  to a si ngl e  curve  for  a m pl i f i  cat  i o n

r ot  I os In  excess  of e

- m i t t  ci t. i on s c av e  been i . ’r ’ t H r t n . ’d C o t ’  t’r t ’q u t t n c  I c ’s c o ve r  ni ” H .’
ou t i ’ ’  st .- i b i l i t  y d i n g I ’ : i m .  For each f i ’e~i i i e n cy  c c ’n e l der ,i , t i . :

c o r n i u t  .d  A p r o f i  I t s  a l w a ys  a sy m p t o t e  to  a u n i v er s a l  p i ’ ..; C c  le

C - O i l  t t ie p ‘i n t  W I  t h  ci eu h t  le q 1101 I I I  cal l o u .  Th ci  i I :~ , P c —

‘ -1-1 ’ i r e  o l i g a t e t , ci : ; R e y n o l d s  n u m b e r  ln c t n ’ c i s e s  , t h e  n i b ’ ’ 0

1 i’c c h of  t l i e  st  c i t  I l l  t y d I c t g l ’ c c in event  ua 1.1 y I :; ro c i  c l i  at a i t  I we

I
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again enter a stable region . As we approach this upper’ neutral

point , t h e  A profiles begin t o f a l l  back  to those  t y p i c a l  of

low R e y n o l ds  n u m b e r s .

The rap id  v a r i a t i o n  of A near  ~=0 results from a breakdown lii

• t h e  Cci: ; e e I osilre approximat ions near the su i ’t ’ace  . That is

t h e  p r o d r i c  t ton  te rm I ri I -he  <v 2
> e qu a t  ion , <— ~~~~~~ ) , goes to

ze ro  q u a d r a t i c a l l y  w i t h  d i s t ance  from t h e  s u r f a c e  so tha t , In

terms of n ,

<— -— ~~~~~—> .
~ as ri+0 (37 )

By contrast , the modeled production term f’or Re,
~
-
~
0 behaves as

- -  
~~~~~~ A ~~~~~~ e A ~~ as ri÷0 ( 3 8 ’)

: ‘on s e q u e n tiy ,  c l ose  to tite surface we ultimately have

A fl 2 as t1 - * O ( ~u )

‘b I t  I : ;  model  l u g  sh o t - i .  corn ing  I of li t t i e  co t i s eq  uence  ci s l i e s  I pa t  I en

~~~~~ , 1, c p roduc t  1011 n e a t ’  i i = O .  C o n s e q u e n t l y , f or  t l ie 1” .’tcccl  In L i e r  of

i r c  I e l i e  cu e s  ion our t’t -a ’ue wf l  1 be upon t h e  reg I on b e t  we ’~ t ’  i~~~ 1

and t h e  outer edge of’ the boundary layer , r~~5.

F l g u i - e  7 shows comput ed A profiles for severa l  fr e~1u cn L ’ l ee  a t i - .i

amp I i  C I ca t - I on r a t  ion - i\s shown , all of t he comput  oh .\ p t - o f  l ’ s
c I l o t  OP a b o u t  t h e  approximate profile d e f i n e d  by

= - 0 0°  ~ + . OOlSexp [_ ~-~~~n — l ’) ]  ( .~0

h I e r :co , ‘n . ’ of t lie l~~ :; ic r. ’qu I r e m en t - s  i ’cr ee l  at’ te l ’, n.-’ u c - I ’  c - ’—

‘a o l e  i , ’l. I t i e c i  t - — e t . c r t i l i t y  s y nt  I t o s  i s  : l p p t -  c u 1 ’ : ~ i . e be c d t  1 ;  I ’t  oh • v

ho A pr ‘ I  le appear:; to appr’oach a u n i v er s a l  i~ 1 . ‘ . ,
. r c ’ :‘ r ’ c~ i u - i i t -y ’) l i m I t i ng  p i - o f i l e  as amp l I t ’ i c c i t  I e t c  i ’ c t t .  h e  c n

1
25
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To d o t  e rm in e  the r at e  of approach to t h e  c i sym pt o t  Ic p r o f i l e
I t  c o t t v en i en t .  t o  e x am in e  thu average  v a l ue  C A de CI nod a ,~
t’ti I lows.

5

A dn

• 1-’ i g u r ’ ;’ 8 shows  \ as a functIon of displacemen t ttiicknes :;

Reynolds number , Re~ *; n o t e  t h a t  Re~~* den ot  on the n e u t r a l —
• st a b  11 Ity value of Re ó* for a given  ~ req u ec lc~; - As s h o w n , “or’
- t he h igh er  fx ’equen c  ice A appr oaches  i ts  a sy inp t et is v a l  no m e e t

—~~~
- r a p i d l y . For Fr ’ = 0 . 5 1 0  - , the lowest f r e q ue nc y  at which

c omput at ions have been done , the approach to the asymptotic
- v a l u e  i s  t h c ’  l e a s t  r a p i d . A key f e a t u r e  of a l l  t h e  c ur v e s  is

that theit ’ ci ;yinrtot Ic values lie between ~ = .066 and \ = .38 3,
- n o  c . nrair a ’i to the p ost  ulat,ed turbulence—model value of - oq i  .

i d  i ’  e x a m i n a t i o n  oh ’ t h e  A v a r i a t  io n  w i t  ii R e y n o l ds  nun ihe t ’  sh o w s

1’ r I’ t i 1~~’ h i  g lu t ’ f i o ’ l u e t i c  I en , the peak vci i ue Is a c h i e v e d  at.

i i  f l o a t  Ion  x ’at I e of a b o u t .  while , t’or the l o w est  ‘cc—

, A is about h a l f  I t  a sympto t .  ic value at this i-at to .

, t r i c - e  9 pres.’ti t . s the var I cit I on of A w i t h  f r e q u en c y  f o r -  amp l I t ’i  —

eat ion c-at o t ’
14 , in c l u d i ng  a corx ’elat  ton o~’ tit e computed v a lu e s ;

the coi’ r-elat b i t  Is:

= 1 - e xp  [- ;
~~ ( l O 14

Fr)]}

- 

‘i t i , ’ a c y m p t o t  ic val  u e c  of  A are a loe  shown  for  r e f .- ’r - o i t c c ’ .

~ oy ~
‘ one b c ;  l o i i ~ can be h i - a w n  f rom t h e  ob se rved  vat ’  i ci t  I cii .‘ C

P 1 - c t , b ey o n d  an a n i p l i f l c a t  tor i r a t io of ~~~~~ A v a rI e s  s i - - u l y  w~ r

1; .;ue I d e  t i ’ i n c b e t ’ . Sec~~trd , i n  only weakly fx’eqitoncy hop ’tti. ’’d
Cot ’ t’reiuc- n c os in excess of Fr = 1 .0-  lO~~ - T hes e  t w -  no .

lend :‘ c i ’ t h e i ’  c redei -ioe  to ’ the second of t h e  t w o  i - a s i c  ! cv I ’ e t  I t ’ s , ,

w i d er ’  ly  h i t  ci sy n t h e s  is of’ turbulence—mo del and I tta’ cii’ — : ’-t . al I it

t h e o r i es

I I

1
1

L ~~~~~
. 

-  
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F ” su lt s  p r e sen t ed  in  Sec t ion  2 . 3  show tha t  for  the  Blas ius
boundary layer the  c losu re  coefficient A approaches a universal

limit ing form for amplification ratio in excess of about e14

while , for’ smaller a m p l i f i c a t i o n  ra t ion , A appears to he strong-

ly f requency  dependen t .  This  observat ion  is cons i s t en t  w i t h  t h €

no t ion  t h a t  a un i fo rmly  valid theory can be developed by us ing
linear stability theory up to the e14 amplification point and by
t h e n  u sing  the turbulence—model equations from this point up to

transition . On the eri e han d , using stability theory up to am—

ptlf ’ication ratios ot ’ e~ is quite reasonable as nonlinear’ terms

almost certainly are negligible In this regime . On the other

rand , the weak dependence of A on frequency for a m p l i f i c a t i o n
ratio greater than e14 and the universal limiting form are con-
sistent with the overall  no t i o n  of us ing long—term averaging .
Thus , for the Blasius boundary layer , we have a suitable de-

finition for the post—critical stages of transition , viz , the

stages beyond the point at which a boundary—layer disturbance

has been amplified to e 14 times Its initial value ,

Tn summary , altho i .igh  r e su l t s  presented represent only a f i r s t
c u t  at accomplishing a synthesis of turbulence—model and linear—

s t a n i l it y  theor ies , encouraging progress has been made.  Fur ther
r on e a r ch  In two spec i f i c  areas is needed to complete the synthesis.
Tb. ’ f I r s t area needing  f u r t h e r  inves t iga t ion  is eva lua t ion  of A
f . ’~i- hou ~Jai ’y layers  w i t h  pressure  gradient , s u c t i o n  arid s u r f a c e
n ’-- a ’ ‘ac:st ’er. In so do ing ,  we can de termine  whe the r  a p r o f i l e
e t c h  a~ t h a t  d e f ined  in Equa t ion  ( 140)  applies to all boundary

l - t .v-~r’s ~~ if straightforward generalizations can be made to de-

viso ’ a universally applicable A p r o f i l e .  The second area to  use

of I - q u a t  ion ( 140 )  in a t u r b u l e n c e — m o d e l  c o m p u t a t i o n  to  d e t e r m i n e

solution sensitivity to (a) the point of initiation (e.g., e 14

r r t p l l f i o a t . I o n  p o i n t )  and ( b )  freestream turbulence, 

- -.
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H e s u l t  5 of t h i s  study suggest that when this research has been
done our ultimate goal of establishing a physically sound

alternative to the empirical Smith—van Ingen e9 procedure can
lu-  rea l  I zed

4

1
I
I
I
I
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